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ABSTRACT
Compact objects such as white dwarfs, neutron stars, and low mass black holes captured by supermassive black holes, which sit at the center of galaxies with masses
over 106 solar masses or greater, generate a background noise in gravitational waves
that affects the Laser Interferometer Space Antenna (LISA) and Laser Interferometer
Gravitational-Wave Observatory (LIGO) observations. We discuss a way to describe
the capture rates by supermassive black holes in an attempt to describe the gravitational waves that will be detected as this background noise in the universe. In order to
do this, we calculate the number of black holes in space as a function of mass across
cosmic time and the number of merger events per unit time.
1. INTRODUCTION

Gravitational waves are distortion in space
that propagate as a wave through space, similar to sound waves in air. These are produced
as compact objects orbit and eventually fall into
black holes. New techniques let us detect these
gravitational waves, but there is a large background signal due to these mergers of compact
objects and supermassive black holes across cosmic time. When these compact objects, like
white dwarfs, neutron stars, or low mass black
holes fall into supermassive black holes, bursts
of gravitational waves are created. The Laser
Interferometer Gravitational-Wave Observatory
(LIGO) is an instrument which is currently able
to detect gravitational waves. The Laser Interferometer Space Antenna (LISA) is a new
instrument to detect these waves, planned for
launch in 2034. When they are detecting a signal, the gravitational waves from the captures
will act as the background noise described and
interfere with detection. This collective signal

is called gravitational wave confusion noise, and
it makes measurement of a single event difficult
without properly quantifying this noise. We
need to estimate this background signal so that
it can be accounted for and disregarded in final
calculations. More so, the final parameters for
the LISA satellite mission have not been set and
we may inform the decision on final specifications by estimating the location of the greatest
confusion noise.
This confusion noise will be modeled by combining relativistic gravitational waveforms produced by these mergers, with merger rates for
all compact objects by supermassive black holes
at different times in the universe and cosmological evolved by the redshift. The cosmological
redshift describes the evolution of the expanding universe over time. Light stretches with the
expansion of the universe and lets us know how
old an object is by analysing the its spectrum.
The Illustris project offers cosmological simulations on galaxy formations, that, amongst
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other things, describe the evolution of stellar
objects (Vogelsberger et al. (2014)). We have
created mass functions of supermassive black
holes by extracting data from the Illustris simulation, which provides data on the number and
growth of black holes across cosmic time (Sijacki
et al. (2015), Weinberger et al. (2016)). Mass
functions describe the number of black holes in
space with mass m at a point in time. These will
be combined with stellar mass functions, which
are currently modelled by the Kroupa initial
mass function. These models are used to give a
rough estimate of the stellar mass function that
will later be replaced by a continuous evolving mass function with cosmic time. We will
combine these mass functions with estimates of
the merger rates based upon the stellar mass
functions for compact objects, and calculate
the gravitational wave contribution using updated relativistic waveforms from Glampedakis
& Kennefick (2002). These describe the shape
of the wave expected using general relativity.
The confusion noise was previously estimated
by Barack & Cutler (2004), but we have created more supermassive black hole mass functions. We are estimating more precise capture rates and will use more accurate relativistic
wave forms to generate the final signal. The recent detection of gravitational waves by LIGO
makes precise estimates of background noise of
great interest for future detections.
2. BLACK HOLE MASS FUNCTION

The Illustris simulation contains properties of
black holes across cosmic time. These properties are described in more detail on the llustris
website. For this project, we extracted information on the masses of the black holes across
cosmic time and their position in space. The
available data from redshift z = 0.14 to z = 0.38
is corrupted, and the missing data was replaced
using individual snapshot data available from
Illustris. Although the details file offers continuous data at a higher resolution, the individual

snapshot data fill in the gaps with enough detail for our analysis. The missing files were extracted and added to the data. The code used
writes the mass and coordinates of a black hole
into a text file. The raw data will be used for
interpolation to estimate the number density of
black holes at any redshift z from 0 to 3.
The data from Illustris can be condensed to
the information needed for creating mass functions. Only the masses of the black holes and
their locations in space are important for this
project. The Illustris simulation has a comoving box side length of 75000 kpc h−1 and each
file contains between 1.5 × 104 to 3.3 × 104 black
holes. The comoving side length of the box
stays at a constant length and disregards the
expansion of the universe. Figure 1 illustrates
the distribution of black holes at redshift z =
0.00 (current time of the universe), 1.00, and
3.01. As expected, the number of black holes
per comoving volume of the simulation follows
roughly a broken power law, with a break at the
lower mass end, where we can see a flattening
of the curve. This can be due to the large number of black holes that have not evolved over
a long enough period of time yet. These black
holes usually are inserted into the simulation at
a mass of 1.00 × 105 M⊙ , which corresponds to
the masses at the lower mass end of the graph.
This is an artifact of the Illustris simulation. Illustris uses this method to populate black holes
into the simulation.
At the greater mass end of Figure 1 we find
that for redshift z = 3.01, no black holes have
evolved to masses above 109 M⊙ yet, while we
have more massive black holes with masses up
to 1010 M⊙ at z = 0.00 and 1.00, which is as
expected. The black holes at z = 0.00 and 1.00
have had more time to evolve and grow over
time.
The uncertainty of this data is estimated
√ to
follow the Poisson Counting Statistics with N .
Figure 1 shows a large relative uncertainty at
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the greater mass end. This uncertainty is due to
larger relative counting errors for small number
statistics.

first published by Kroupa (2001), depends on
the stellar mass of the object. The number of
stellar objects at a specific mass is

3. CAPTURE RATES

The capture rates of compact objects by a
black hole depend on the size of the black hole.
Gair et al. (2004) provide an estimate to predict the capture rates of compact objects near
a black hole in a galaxy to be
10−4 F



M•
M•,∗

 83 

m
M⊙

− 12

y −1 ,

(1)

where M• is the black hole mass, M⊙ is the
mass of the sun, M•,∗ is a constant factor ∼
3 × 106 M⊙ , m is the stellar mass of the compact
object, and F is a fraction of total stellar mass
F =

N (m)dm
,
N

(2)

where N(m)dm is the number of stellar objects
at a specific mass m. Eq. 1 is found by combining a dynamical friction timescale and the density profile typical for supermassive black holes
(Gair et al. (2004)). We currently use this relation to predict the capture rates. When any
astrophysical object moves through space, it is
affected by gravitational interactions all around,
which exerts a friction-like force, referred to the
dynamical friction. In this work, the dynamical friction is experienced by objects interacting with one another, close to the supermassive black hole, causing them to lose energy and
fall into the black holes more rapidly, while the
other object gains energy and is ejected from
the orbit.

pKroupa (m) =



Ak0 m−0.3




Ak m−1.3

0.01 < m < 0.08M⊙



Ak2 m−2.3




Ak3 m−2.3

0.5 < m < 1M⊙

1

1 < m < 150M⊙ ,
(3)
−0.3+1.3
with k0 = 1, k1 = k0 m1
, k2 =
−2.3+2.3
k1 m−1.3+2.3
,
and
k
=
k
m
.
Here,
m1 =
3
2 3
2
0.08M⊙ , m2 = 0.5M⊙ , and m3 = 1M⊙ . A is
a normalization constant, which cancels in our
final calculations (Maschberger (2012)).
Figure 2 illustrates the piecewise function, in
which Ak2 m−2.3 = Ak3 m−2.3 . The different
pieces are multiplied by a normalization constant in order to receive a continuous graph.
We hope to improve on the stellar mass function used in future work. The function for the
Kroupa initial mass function will simply be replaced in our code.
3.2. Total Number of Stellar Objects
To define F as a fraction of stellar objects, we
calculate the total number of stellar objects N
by
Z mmax
N=
N (m)dm.
(4)
mmin

We use the Kroupa initial mass function and
integrate each piece of the function, as follows
Z

3.1. Kroupa Initial Mass Function
In equation 1, F is calculated from an initial
mass function and a standard initial-final mass
relation. The Kroupa initial mass function is
used to describe the mass distribution of stellar
objects. This piecewise initial mass function ,

0.08 < m < 0.5M⊙

150

N=

Akm−α dm,

(5)

0.01

where α is 0.3, 1.3, or 2.3 depending on the
mass (see eq. 3). We choose our smallest mass
to be 0.01M⊙ and the biggest mass as 150M⊙ .
We can then find the total number of stellar
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Figure 1. Number Density vs. Mass of black holes at different redshifts z.
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200M⊙
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Using the Kroupa initial mass function and
the total number of stellar objects, F is calculated to be 0.181 for m = 0.7M⊙ white dwarfs,
3.99 × 10−4 for m = 10M⊙ black holes, and
2 × 10−6 for m = 100M⊙ POP III black holes.
3.3. Initial-Final Mass Relation

−2.3

dm. (6)

0.5M⊙

We find N = 0.503 AM⊙ , and we can calculate
the fraction N (m)dm
. Next, this fraction needs to
N
be combined with a standard initial-final mass
relation to estimate the the number of compact
objects available to merge, presented in Gair
et al. (2004). The total number of stellar objects seems to be small, and will be improved.
The total number of stellar objects is used to
calculate the fraction of objects with mass m,
from which we can find the capture rates.

The stellar mass function describes the objects
with mass m at redshift z. We will use this function to estimate the objects falling into supermassive black holes. Stellar mass evolves over
time and will loose some of its mass. An initialfinal mass relation describes the mass evolution
of objects over an appropriate range. We use
the initial-final mass relation by Kalirai et al.
(2008). They report this relation to be effective
down to Minitial = 1.16M⊙ , which corresponds
to Mf inal = 0.53M⊙ . The lower end is chosen
by Kalirai et al. (2008) to be the smallest stel-
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Figure 2. Kroupa Initial Mass Function.

lar object which undergoes the mass evolution
described. They scale the initial mass by
Mf inal = (0.109 ± 0.007)Minitial
+0.394 ± 0.025M⊙ .

(7)

The initial-final mass will only affect the
greater mass end of the stellar objects and correction will be made when appropriate. The red
line in figure 2 illustrates the corrected masses
with m ≥ 1.16M⊙ .
4. CONCLUSION AND FUTURE WORK

We were able to describe the growth of black
holes across cosmic time, using data from the Illustris simulation. Using this data, the capture
rates of compact objects by supermassive black
holes is calculated. The Kroupa initial mass
function describes the number of stellar objects

with mass m, which is used to estimate the fraction of total stellar mass for different compact
objects. Compact objects with initial masses
greater than 1.16M⊙ are corrected to their final
masses, using the initial-final mass relation by
Kalirai et al. (2008).
We will combine the stellar masses calculated
from the initial mass function and improve the
values for the fraction of stellar objects with
mass m. We will then be able to calculate the
capture rates and stellar mass functions. These
will be combined with the black hole mass functions in order to get an estimate of the merger
rates. These will be combined with relativistic
waveforms to calculate the gravitational wave
contribution to get an estimate of the cosmic
confusion noise.
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